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More than twenty years ago, Bekcnstein first pro- 
posed that for any isolated physical system of energy 
E and size R, there is an upper bound on the entropy 
S < Sb — 2-kRE pj. In spite of criticisms about that 
derivation 0] , the Bekenstein entropy bound has received 
independent support Q. Choosing R to be the particle 
horizon, Bekenstein gave a prescription for a cosmological 
extension of the bound 

Ell- 
in view of the well-known example of black hole en- 
tropy, an influential holographic principle was put for- 
ward ten years ago, relating the maximum number of 
degrees of freedom in a volume to its boundary surface 
area p|. For systems of limited gravity, the Bekenstein 
entropy bound implies the holographic principle. The ex- 
tension of the holographic principle to cosmological set- 
tings was first addressed by Fischler and Susskind (FS) 
. Subsequently, various different modifications of the 
FS version of the holographic principle have been raised 
0, In addition to the study of holography in ho- 
mogeneous cosmologies, attempts to generalize the holo- 
graphic principle to a generic realistic inhomogeneous 
cosmological setting were carried out jj| E| ■ Other ex- 
tensions of the holographic principle to brane cosmology 
have also been given [ill ]. 

The holographic principle is viewed as a real concep- 
tual change in our thinking about gravity [T^|. It is in- 
teresting to note that holography implies the probable 
values of the cosmological constant in a large class of uni- 
verses [l3j | . In the inhomogeneous cosmology, holography 
was also realized as a useful tool to select physically ac- 
ceptable models [ljj. Recently, the idea of holography 
has further been applied to the study of inflation and 
gives plausible upper limits to the number of e-foldings 
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Recent observations based on type IA supernova as 
well as from Cosmic Microwave Background Radiation 
results imply that the expansion of our universe is speed- 
ing up instead of slowing down |lfij ]. This discovery has 
posed a fundamental challenge to the standard models 
of both particle physics and cosmology. Whether holog- 
raphy can bring us some light in understanding the pro- 
found puzzle posed by dark energy is a question we want 
to ask. Motivated by the suggestions in 0], at- 
tempts to apply the holography to the dark energy due 
to quantum corrections to the cosmological constant were 
carried out in 0] . It was found intriguing that using 
the event horizon size as the infrared cutoff relevant to 
the dark energy, the equation of state of the dark energy 
can be predicted correctly [Isj . 

In addition to attributing dark energy to quantum vac- 
uum energy, to a light and scalar field or a frustrated 
network of topological defects, recently further attention 
has been paid to a modification of general relativity in 
order to explain the accelerated expansion 0, 20. 211. 
This idea is attractive since it has close ties to high en- 
ergy physics such as string theory or extra dimensions 
and does not necessarily suffer from fine tuning prob- 
lems. In this paper, we will parametrize the physical 
cause of acceleration with an arbitrary additional term 
in the Friedmann equation introduced in pfij . Employing 
the idea of holography, we are going to derive the con- 
straints on the equation of state of dark energy and the 
extra-dimensional contribution to the Friedmann equa- 
tion. 

Suppose that the effects of extra dimensions manifest 
themselves as a modification to the Friedmann expansion 
rate equation of the form pill ] 

(H/H a ) 2 = (1 - Q M ){H/H ) a + il M (l + zf. (1) 

The first term on the right-hand-side of (JIJ is the correc- 
tion to Friedmann equation due to infinite extra dimen- 
sions accounting for the geometric dark energy. Hq is the 



2 



Hubble parameter at present, Qm is the critical energy 
density of matter and z is the redshift relating to cosmic 
scale factor a by z — a -1 — 1. 

The model under consideration decribes an ever ex- 
panding universe. Although a further transition is not 
ruled out, this is a good simplifying assumption. A cos- 
mological constant with dust and radiation also leads to 
ethernal expansion. 

As an example, consider a simple, single extra- 
dimensional model 0| . The effective, low energy action 
is given by 



where M|j 



d A xdy^T^m + J d 4 x^(M 2 Pl R + L SM ), 

(2) 

= 1/8ttG is the four-dimensional Planck 



scale, gj^ B is the five-dimensional metric, y is the extra- 
dimension, 5ft is the five-dimensional Ricci scalar, g is 
the trace of the four-dimensional metric, R is the four- 
dimensional Ricci scalar and L$m is the Lagrangian of 
the fields in the standard model. For the Friedmann- 
Robertson- Walker Ansatz 



dsl = f(y,H)dsl-dy 2 



(3) 



where ds 2 is the four-dimensional maximally symmetric 
metric, and H is the four-dimensional Hubble parameter, 
one gets the modified Friedmann equation on the brane 
under the form 



H 2 ± tL = &nG P" 



H 



(4) 



These general features persist for an arbitrary number of 
dimensions, leading to Q). 

The general form is mathematically equivalent to a 
time variable dark energy equation of state function [2(j 

M 

3 dln(l + z) 3 1 — \Im 

As a matter of fact J7m = p/pc is not a constant, but 
it can be neglected. Indeed, from p = —3H(1 + Lu)p, we 
have 



p = poexp[3(l + lu) / din a 



(6) 



where we have taken po as the matter density at present, 
a (to) = 1- For u> = 0, the matter dominated era, we 
have p = poa~ 3 . Then po/p c — pa 3 /p c - Considering 

p c = 3M 2 H 2 , we have 3M i H 1 = ^A/a 3 , then ft^ = 

H^H^a^ 3 = H 2 /(ad 2 ), which depends on time. 

However such an additional term is very small from 
now untill the distant future. Taking a ~ t p , (p = 2/(1 + 
u>), for the expansion of the universe due to matter), the 
additional term is proportional to l/i 3p_1 , which should 
disappear for large t. Therefore we can neglect the third 



term of J5J here. For a distant future the last term in (JSJ 
will be even smaller and can be neglected for sure (unless 
we allow new physics in the future). 

At this point it is worthwhile making some comments 
concerning the fact that in the distant future there is a 
further solution of the Friedmann equation given by de 
Sitter space, that is, an exponentially growing universe, 
for which our arguments fail. In fact, the arguments given 
in this paper are valid for a varying equation of state, 
which can change from some value in the past, to a value 
not equal to -1 today. In case it stabilizes in the future 
at the value -1, then the scale factor of the universe may 
evolve in different stages: 



matter dominated era 



i 2 / 3 , a < 0. 



• after dark energy starts to play effect, the evolu- 
tion of the scale factor will become faster, a ~ 

t a/[3(l+a>n)] ) jj > Q 

• when the dark energy dominates, neglecting the 
matter, the scale factor evolves exponentially. 

We argue that we are living the second stage, where 
the dark energy plays the role of the expansion of the 
universe, the universe expands not as fast as that of the 
purely dark energy era, so we can use the expression of 
the scale factor indicated in the second item above. 

If lu in the far future is not equal to minus one, the 
argument above stops in the second phase. 

In any case, our paper relies on the hidden assumption 
that the u> parameter varies with time. This is a matter 
which is being discussed since some time |23j . 

The continuity equation still holds, p = —3H(p + P). 
The equation of state of the universe follows immediately, 



ld\n(H 2 /H 2 ) 



(7) 



For an equation of state with a constant w-parameter, 
lu = P/p, the energy density varies as (1 + z) 3 ^ 1+w '. It 
was found that during the matter dominated era, to = 
— 1 + a/2, while durin g th e earlier radiation-dominated 
epoch, lu = -1 + 2a/3 20]. 

Without dark energy, the universe expands as a ~ 

2 

£3(1+^) _ p or t ne far distant future, we can neglect all mat- 
ter density p, thus we have from the Friedmann equation 
the exponential expansion of the universe. This corre- 
sponds to lud = — 1- For the present universe, the uni- 
verse has not been expanded that fast, and we can assume 
lud seen today as a constant. Then due to the dark en- 
ergy, the expansion of the universe a ~ t a " 3 ( 1+u>D " . To 
experience accelerated expansion, d > 0, which requires 

a \ 1 

According to Bekenstein, for a system with limited self- 
gravity, the total entropy S is less or equal than a mul- 
tiple of the product of the energy and the linear size of 
the system. In the present context, we can also exam- 
ine the entropy bound of the dark energy and give the 
constraint of the model parameter a to explain the dark 
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energy at present. So the bound we obtain can be ex- 
plained as the bound on the structure of the dark energy 
seen today. For the cosmological setting, the Bekenstein 
bound applies to a region as large as the particle horizon 
[4], which is defined by the distance covered by the light 
cone emitted at the singularity t — 0, Lh — a(t)ru(t), 
where rn(t) is the comoving size of the horizon defined 
by the condition dt/a = drn- 



dt' _ 3(1 + u D ) 
a(f) ~ 3(1 + u D ) - a 



3(l + v D )-c 



(8) 



The total entropy inside the particle horizon behaves as 
S = aL H /a 3 , where a is the entropy density measured 
in the comoving space, which is constant in time. The 
Bekenstein entropy is Sb = ELh = pL H . Thus, the 
ratio S/Sb reads 



Sb l 3(l 



3(1 + UJD ) 



UJ D ) 



'at 



a 



(9) 



In order to satisfy the Bekenstein bound, we require that 
— 1 < u>d < l/(a — 1) for a > 1; u>d > —1 or lud < 
-1/(1 - a) for < a < 1 and oj d > -1/(1 - a) or 
u>d < —1 for a < 0. It is easy to see that for a > 1, the 
constraint on the equation of state is too loose. It is over 
the range accounting for the dark energy. 

Furthermore, the physical comoving size of the particle 
horizon should be positive, which requires 3(i+^p)_ a > 
0. This gives more constraints on the equation of state. 
For a > 1, it leads to -2/3 < uj d < l/(a - 1), which 
fails to describe the dark energy. For < a < 1, the 
range of dark energy state has been further refined to 
uid > — 1 + a/3 or uip < —1/(1 — ot). For a < 0, we have 
uid > —1/(1 — a) or Ud < — l+a/3. However none of the 
above range of the equation of state can accommodate 
the accelerated expansion, d > 0. 

We delve further in the problem by replacing the par- 
ticle horizon by the future event horizon, Lh = ar^, 

where r h {t) = /~ jfc = ^g^ i^SS^, The ra- 

tio S/Sb now becomes 



_S_ 

Sb 



(- 



3(1 + u D ) , 
-3(l+uj D ) + a' 



1 + 



( 10 ) 

In order to satisfy the Bekenstein bound, we require — 1 < 
cup < l/(a— 1) for a > 1; ojd > —1 or ojd < —1/(1 — ot) 
for < a < 1 and lo d > —1/(1 — a) or cup < —1 for 
a < 0. 

To keep the physical comoving size of the event hori- 
zon to be positive, the range of the equation of state is 
confined to —1 < lujj < —1 + a/3 for a > 0. To meet the 
observational result, we should take a E (0,1), so that 
-1< ujd < -2/3. For a < 0, -1 + a/3 <uj d < -1. 

Checking the condition for the speeding up expansion 
of our universe, it is found that both of the above ranges 
can accommodate accelerated expansion. 

In cosmology, particle horizon (or event horizon) refers 
to the entire past (or future) light-cone. Unlike particle 



or event horizons, the cosmological apparent horizon does 
not refer at all to cither initial or final moment of the 
universe, furthermore it is observable. If we choose the 
apparent horizon as the boundary, the Bekenstein bound 
becomes 



~Sb~ 



' AH 



/a 3 



P f AH 



3{1 + uj d ) 



-at 



-[l+w D (l-a)]/(l+u D ) 



(11) 

where ?ah = l/H has been taken. The requirement of 
satisfying the Bekenstein entropy bound together with 
the accelerated expansion lead to the same constraint on 
the parameter a and equation of state as taking event 
horizon as the boundary. 

In the cosmological setting, it is usually believed that 
the Bekenstein bound is looser than the holographic 
bound, which is the opposite of what we understood for 
isolated system. It would be of great interest to inves- 
tigate whether the holographic entropy bound can give 
tighter constraints on the equation of state and extra- 
dimensional contributions to the dark energy. 

Directly applying the FS version of the cosmic holo- 
graphic principle by using the particle horizon [(|, we 
again face the problem that in the range for the equation 
of state that we obtained, the universe cannot experience 
accelerated expansion. 

Extending the cosmic holography by considering that 
the entropy cannot exceed one unit per Planckian area of 
it boundary's surface characterized by the event horizon, 
we have 



S aL 3 Ja 3 r h 
-' a—^ 



A 



r 2 



3(1 + ^ g ) 
a — 3(1 + ujd) 



at 0+»n) 



(12) 

Combing the requirement that the ratio S/A not in- 
crasing with time, positive and accelerated expan- 
sion d > 0, we obtain —1 < ujd < —1 + cc/3 for 
a > 0. To meet observation, a is further refined to 
< a < 1, then -1 < uj d < -2/3. For a < 0, we 
have —1 + a/3 < ujd < — 1. 

If we choose the apparent horizon as the boundary, 
the holographic principle should be expressed as: the en- 
tropy inside the apparent horizon can never exceed the 
apparent horizon area |24| 



S(t) aVol AH (t) 



A 



A(t) 



< 1 



(13) 



where VolAH{t) = ^^(t)*^ denotes the comoving vol- 
inside the apparent horizon. Eq(13) can be rewritten 



ume 

as 



S ^ 3(1 +uj d ) crt i^ a/{ i +UJD) 
A a 



(14) 



The requirement that the ratio S/A does not increase 
with time together with the accelerated expansion leads 
us to the same constraints for the equation of state of 
dark energy as we got by using the event horizon. Choos- 
ing the apparent horizon leading to a reasonable equation 



4 



TABLE I: 



Boundary 


Bekenstein Bound | Holographic Bound 


Particle hor. 


Not satisfied 


Event hor. 


Satisfied, 
-Kw D < -2/3 (forO < a < 1); 
-1 + a/3 < u D < -1 (fora<0) 


Apparent hor. 


Satisfied, 
-1< cod < -2/3 (forO < a < 1); 
-l + a/3 < w D < -1 (/ora<0) 



of state of dark energy is different from the discussion in 
fl7| . a consequence of the special dark energy model we 
have supposed. 

We would also like to extend the discussion by using 
the Hubble entropy bound. Following the usual holo- 
graphic arguments, one then finds that the total entropy 
should be less or equal than the Bekenstein-Hawking en- 
tropy of a Hubble size black hole times the number nn of 
Hubble regions in the universe. The entropy of a Hubble 
size black hole is roughly HVh/4:, where Vh is the vol- 
ume of a single Hubble region. Considering the universe 
with volume V, one obtains an upper bound on the total 
entropy S < Sh = HV/4 [1] . If one applies the Hubble 
entropy bound to a region of size Lh, it is interesting to 
find S H = (S B S FS ) 1/2 . 

Employing the Hubble entropy bound to the region of 
size a, the ratio 

_„__„ a/a „ t . (15) 

Thus with the assumed domination of the gravitational 
correction in the Friedmann equation, Hubble entropy 
bound will be violated. This is not surprising, since 
not like the Bekenstein bound and the FS bound, the 
Hubble entropy bound is appropriate in the strong self- 
gravitating universe Ha > 1 8]. With the extra- 
dimensional contribution to the dark energy to account 
for the accelerated expansion, the universe will be with 
limited self gravity. 



In summary, we have used the idea of holography 
to study the constraints on the geometric dark energy. 
Our results are listed in the table. Contrary to the 
original understanding in the cosmological setting, we 
found Bekenstein entropy bound and holographic entropy 
bound play the same role in refining the geometric dark 
energy. To account for the dark energy, a cannot be big- 
ger than unit. For < a < 1, the equation of state 
of the extra-dimensional contribution lies in the range 
— 1 < ujd < —2/3, which can be treated as dark energy. 
For a < 0, the extra-dimensional effect acts as an effec- 
tive phantom energy, where — l + a/3 < lod < —1- The 
failure by using the particle horizon to explain the accel- 
erated expansion of our universe due to geometric contri- 
bution to the dark energy has got independent support 
in |18] , where the dark energy was attributed to the cos- 
mological constant. The reason for such a failure is that 
the particle horizon is related to the early universe, when 
dark energy played no role. 

After our work was finished, we noticed that obser- 
vational constraints on a modified Friedmann equation 
which mimics the dark energy was studied in 22]. Our 
holographic constraints on a got independent support 
from their Supernovae Type I A and CMB study, a = 0, 
which is excluded in our holographic investigation, is also 
disfavoured in the studied parameter space in [22 ■ Com- 
bining CMB and SNIa, in [23] they got tighter constraint 
on a, especially the lower bound on the negative value 
of a, which calls for further understanding in our study. 
Comparing with the investigation of the observational 
constraint, we found that holography again plays a pow- 
erful role in the study of gravity. 
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